Subnatural-linewidth single-photon source is a potential candidate for exploring the time degree of freedom in photonic quantum information science. This type of single-photon source has been demonstrated to be generated and reshaped in atomic ensembles without any external cavity or filter, and is typically characterized through photon-counting technology. However, the full complex temporal mode function(TMF) of the photon source is not able to be revealed from direct photon counting measurement. Here, for the first time, we demonstrate the complete temporal mode of the subnatural-linewidth single photons generated from a cold atomic cloud. Through heterodyne detection between the single photon and a local oscillator with various central frequencies, we recover the temporal density matrix of the single photons at resolvable time bins. Further we demonstrate that the reduced autocorrelation function measured through homodyne detection perfectly reveals the pure temporal-spectral state of the subnatural-linewidth single photons.
In thriving photonic quantum technologies, single photons are one of the most important carriers with quantum states. Qubits or qudits (states with more than two dimensions) can be encoded in various degrees of freedom, e.g., polarizations, spatial and temporal-spectral modes. Compared to other degrees of freedom, encoding information in temporal-spectral modes are favorable in long-distance communication through fibers [1, 2] . Actually time-bin qubits [3, 4] are widely used in quantum teleportation [1, [5] [6] [7] , quantum key distribution [8, 9] and other quantum communication protocols [10] [11] [12] . Conventional scheme to generate time-bin qubits is to split a single photon into two separate time bins through an unbalanced interferometer, i.e, Franson interferometer. The system is compact but hard to be extended to multidimensions, since every splitting will decrease the photon rate dramatically.
In recent years, utilizing complete and orthogonal temporal-spectral modes based on the ultrafast photons produced from spontaneous parametric down conversion (SPDC) is introduced [13] and developing fast both theoretically and experimentally [14] [15] [16] . However, due to the ultra-broad-band feature of these PDC photons, increasing the spectral modes will inevitably reduce the temporal purity of the single-photon state [16] , which is essential in quantum information processing. Following this idea, it is possible to encode quantum information directly in the temporal mode of a single photon with ultra-long coherence time [17, 18] . The purity of the temporal reshaped single photon is preserved to be near unity as long as detectors' time resolution is below 10% of the coherence time [19, 20] .
The sub-linewidth biphotons and single photons are demonstrated to be produced from atomic ensembles [21] [22] [23] .
With electromagnetically-induced transparency (EIT) [24] , the temporal length of the biphotons can be tailored from nanoseconds to microseconds, which shows great advantage in single photon waveform manipulation [25] [26] [27] . The EIT effect provides an additional route for the temporal mode of these narrowband nonclassical light source to be manipulated with arbitrary waveforms [28] [29] [30] . In these reports of photonsource, filters and cavities are abandoned to avoid a pre-defined shape in spectral mode. So far, all of the temporal-spectral mode measurements on these photons are performed by photon counting technique which have no requirement of the photon mode. Therefore the amplitude of the mode function can be given directly, and the phase information can only be measured through certain indirect photon interference [31] . To simultaneously give the complete mode function of the photon source, homodyne detection which utilizes photon-current detection is a state-of art technique [11, [32] [33] [34] [35] [36] , which demands stringent mode-matching between the target photons and a laser beam served as the local oscillator (LO).
In this letter, for the first time, through matching the spatial mode of LO with the photon source, we demonstrate the complete temporal mode of the subnaturallinewidth single photons. The single photons are generated from spontaneous four-wave mixing process in a dense cold atom cloud. Through heterodyne detections between the single photon and LO with multiple cen- tral frequencies, we recover the temporal density matrix of the single photons at resolvable time bins. We therefore directly obtain a temporal purity over 90% for the subnatural-linewidth EIT shaped single photons. Furthermore, we demonstrate that homodyne detection, whose LO utilizes the identical central frequency with the photon source, is sufficient to reveal the entire photonic temporal-spectral state.
We define the temporal mode function(TMF) in the frame of heralded single photons, which is obtained by heralding a partner photon from a photon pair. Assume that we have a pair of frequency-anti-correlated photon pair, and the two-photon state is denoted as, (1) where |0 denotes the vacuum, ω 20 and ω 10 correspond to the central angular frequencies of photons 1 and 2. a 1 andâ 2 are their corresponding annihilation operators. Φ(Ω) is the two-photon joint spectrum function. After photon 1 annihilated at time t = 0 with its uncertainty infinitesimally small, the heralded single-photon state is expressed as a superposition state,
Equivalently, the heralded single-photon state can be expressed as a superposition state of relative arrival times of τ ,
where the TMF ϕ(τ ) =
dΩΦ(Ω)e −iΩτ is the Fourier transform of the joint spectrum function, and normally this TMF is a complex function with magnitude |ϕ(τ )| and phase θ(τ ) = arctan[
The above state can be expressed in a discrete time bin basis. We denote every resolvable ith time bin as τ i = iδτ , where δτ denotes the detector's resolution.
.. , and it denotes a single photon found in a specific time bin. In this time bin basis, the temporal density operator is de-
For subnatural-linewidth single photons, the temporal density operator can be constructed from a pure state,
In discrete time-bin basis, the matrix elements ρ ij = ϕ * (τ i )ϕ(τ j ). Therefore the characterization of the TMF of single photons can be realized by reconstructing the temporal density matrix.
The schematics of measuring the temporal mode of single photons is shown in Fig. 1 . A pair of spectral anti-correlated photons, Stokes and Anti-Stokes, are generated from spontaneous four-wave mixing (SFWM) process in a two-dimensional 85 Rb magneto-optical trap (MOT) [37, 38] . Two continuous-wave (cw) lasers in the SFWM are, a 780nm pump which is blue-detuned from |1 to |4 by 146 MHz, and a 795nm coupling resonant with |2 → |3 . They are applied onto the atom cloud simultaneously in a backward scattering configuration, and the pump-coupling axis is deviated from the longitudinal axis of the 2D MOT by θ = 2.5
• . The pump and coupling beams are circularly polarized, corresponding to σ + and σ − respectively, and therefore the induced Stokes and Anti-Stokes photons are collected with σ + and σ − , respectively. To ensure a low excitation rate of SFWM, the Rabi frequency of the pump beam is set as Ω p = 2π × 3.3 MHz and the count rates of Stokes and Anti-Stokes photons are 4400/s and 4000/s, respectively. We utilize a continuous 795 nm laser beam which is phase locked with the coupling laser of the SFWM process, as LO to interfere with the Anti-Stokes photons. The polarization and spatial mode of LO are carefully matched with those of the Anti-Stokes, which is mimic with a visible laser beam emitted from the single-mode fiber (SMF) collecting the Stokes. The central frequency of LO is tunable around ω as with an acoustic-optical modulator (AOM, Brimose). The photo-current of the BHD is proportional to the quadratureX = (âe −iθ +â † e iθ )/ √ 2 of the Anti-Stokes. For heralded single-photon source, the quadrature should be measured with triggers of the partner photons. In our setup, we collect the Stokes photons with a SMF and the trigger is given whenever the single-photon counting module (SPCM) detects a photon. Therefore, we obtain X (τ ) from traces of currents through a high-speed digital oscilloscope trigged by the Stokes photons.
The correlation between different time bins can be expressed as X i X j = δ ij /2 + A ij , where δ ij /2 (δ ij = 1 only when i = j) denotes the autocorrelation matrix for the vacuum. A ij is the reduced autocorrelation matrix for the Anti-Stokes photons, with trigger of a Stokes photon, and is related to the temporal density matrix as [36] , Fig.2(a) shows the normalized Re[ρ T M ], which is calculated through the autocorrelation matrix A ij when ∆ω = 0. The diagonal elements i = j are obtained through minimizing a cost function, while obeying the normalization condition T r(ρ) = 1. Here, the cost function is taken as the difference between the left-and right-hand sides of Eq.(6), squared and summed over all pairs (i, j) in 8 sets of A ij and ∆ω.. With the real part calculated, the imaginary part is subsequently obtained through further minimizing the cost function. Fig.2(b) shows the matrix elements of the imaginary part, which are close to but oscillating around 0. Accordingly we calculate T r(ρ 2 T M ) = 92.5%, which is defined as the temporal purity of the single-photon state, which agrees with the results reported before using Hong-Ou-Mandel interference [20] .
For these subnatural-linewidth single photons, whose coherence time is far longer than the time resolution of SPCM, it is safe to assume that the photonic temporal state is well described by Eq. (4). The square of magnitude of the TMF |ϕ| 2 is directly from the diagonal elements of Re[ρ T M ], as shown in Fig.2(c) . The phase function θ(τ ) is evaluated from tanθ j = Im[ρ mj ]/Re[ρ mj ] where m = 50 is taken in Fig.2(d) . The magnitude of the mode function agrees well with the coincidence measurement reported elsewhere before. More importantly, the phase function over τ is obtained close to 0 within the coherence window of 200 ns, which is well larger than the coherence time corresponding to the natural-linewidth of 85 Rb atoms. This is predicted by the model of EIT assisted SFWM [39] , but not yet proved from coincidence measurement reported before. In particular, the optical precursor [22, 27] signifying abrupt dispersion is revealed clearly in the magnitude and the corresponding phase is found to be not changed. On the other hand, the Fock state property of the tested single-photon state is verified through measuring the conditional auto-correlation function g linewidth single photons. As is discussed above, the reduced autocorrelation matrix A ij is equivalent to the real part of the temporal density matrix when ∆ω = 0, and when τ i is kept as a constant m, from Eq.(6) the reduced autocorrelation function is,
The matrix elements in Eq. 8 are taken along a diagonal and vertical axis (passing through the maximum) of the reduced autocorrelation matrix. In Fig.3 , we show three typical temporal modes of the heralded single photons generated. When EIT plays a significant role in the SFWM process, the TMF does not change its phase throughout the coherence time, as is shown by Fig.3(a) . By reducing the optical depth of the cloud while increasing Ω c , the SFWM process transforms from group delay regime to Rabi oscillation regime. Fig. 3(b) shows a damped Rabi oscillation. Fig.3(c) shows the TMF in Rabi oscillation regime, where the double SFWM channels due to AC-Stark shift induced by the coupling field become significant. Beating between photon generation channels leads to a π phase change for the mode function. The plots (a1)-(c2) agree well with the theoretical calculation of the biphoton wavefunctions [39, 40] . In particular, for Rabi oscillation regime, plot (c2) perfectly matches the TMF of ϕ(τ ) ∼ e −γeτ sin( the complex temporal density matrix. In this work, we demonstrate the temporal density matrix of an EIT reshaped single photon through its heterodyne detection with a strong LO field. The amplitude and phase of the mode function are obtained accordingly. While the amplitude of the mode function agrees well with the coincidence measurement through photon counting technique, the phase indicates to be a constant throughout the coherence time of 200 ns. Different from tomography on the temporal-spectral mode of ultrafast single photons generated from SPDC, tomography introduced in our work is in the basis of time bins. The corresponding purity of the temporal density matrix is given to be 92.5%, which indicates that an almost intact pure state is maintained in this narrowband photon source. Furthermore, we demonstrate that homodyne detection is a direct technique to show the TMF of subnatural-linewidth single photons. Up to now, the generation, manipulation and characterization of the temporal-spectral mode of subnaturallinewidth single photons are experimentally complete. In contrast to utilizing spectral modes of ultra-fast single photons from SPDC, the temporal modes of subnaturallinewidth single photons are useful in constructing the orthogonal mode functions, e.g., Hermite-Gaussian functions, directly in time domain. Ascribed to the narrowlinewidth, the photonic state is always pure and engineered conveniently even through slow modulators. Secondly, the temporal modes of subnatural-linewidth single photons are applicable to generate time-bin superposition states, e.g., |1 j , 0 k ± |0 j , 1 k or |1 j , 0 k ± i|0 j , 1 k (j,k denotes different time-bins). The time-bin qubits are easy to be generalized to multi-dimensional qudits without insertion of beam splitters into Franson interferometer. This is an unexploited degree of freedom to encode photonic information in quantum information science.
